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THEOREM 2. Let g be an even positive integer. Then :

k+1 k-1
iS(al,...,ak;q)]\<\2 2 B@Dgq 2 (ag,a,,9)%... (Qp_y1,0,,9)".

Estermann, [2], has dealt with the case of the Kloosterman sum.

2. LemMmMmas

Lemma 1. Consider the congruence:
x* = a (mod p™)

where k, m are positive integers, a is an integer, p a prime and (a, p) = 1.
Then:

1. If p > 2, this congruence has at most k incongruent solutions mod p™.

2. If p = 2 and k is odd, then this congruence has exactly 1 solution
mod p™.

3. If p = 2, and k = 2" [, r > 1, [ odd, then this congruence has at most
min {2"**, p™} solutions mod p™.

Proof : This is essentially found on pp. 115, 119 of [3].

Lemma 2. Let p be a prime, and m, n positive integers, Vo m <n < m.

Let ¥y, ey Vim1s Z15 -5 Zx—1 b€ integers; p f ¥y, «., P £ Yi—1. Define
[Vi, .e» Ve 1; P™] as that integer y, 0 < y < p™ such that y (y; ... yp—1)
= 1 (mod p™). Then:

[J’1 +p"Z15 s V-1 +Pnzk*1§Pm] = [yla cees J/'k—1§l7m]
— [y p™ P [yas p™] o D13 ™1 1"24

~ [ p™] ooe D=5 2™ D= 15 P"17P"24- 1 (mod p™)
Proof : This follows from the relation

[V 0™] o =13 2™] = [V15 eoos e—15 P™] (mod p™)
and Lemma 1 of [2].
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Lemma 3. Let p be a prime, m, n positive integers, m = 2n + 1. Let
Y1y vees Ve 15 Z1» +ovs Zg— 1 DC IntEErs; p ¥ ¥y, oy P A Yi—1. Then

[ [y +DP"21, ooos V-1 +0"2—13 0™ = [V1s voes Vi—13 P™]
+ [y PP [vas P - [veess D1 D721

2n_2

+ [y 2™ o e P™1 k=13 P" PP 0™ 25 -1
— [y " [y ™ oo k13 2™ P24

— [y 0™ o [z P k=15 PP 0" 201
+ [P [y PP s p™ oo Dk—1s 21 9212,

+ [ 0™ P 2 2™ - k=23 2™ De- 13 P™1% P*" 21 25— 4
+ [ " [v2s PP s 71 [vas P71 - [va-15 ™1 p*" 2223

+ [y ™ 2 PP s p™] oo Wke23 P71 k=15 P17 p*" 22254

+ [J’1§ Pm] [yk—S; Pm] [J’k—zé Pm]z [J’k—1§ Pm:lz pznZk—ZZk—l
(mod p™)

Proof : This follows from Lemma 5 of [2].

B Lemma 4. Let p > 2 be a prime, and »n a positive integer. Let a, & be
B integers. Then:
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0 P X h
p"t% p*|h, pla

Y. e(@z’pTl4hzpT"Y| =

n+1 n+1 +1
0=z <p Pt opt |k, pla

| 0 pP"*"'Yh,pla.

Proof : The first two parts of this lemma are Lemma 5 of [2]. The last
two parts are trivial.

3. ProOOF OF THEOREMS 1 AND 2

PROPOSITION 1. Let p be a prime, m a positive integer and ay, .. a.,
integers such that

(a4, 06, P™) = ... = (@4-1,0,P™) =P O0<h<m.

Then
S(ay, . agp™ = @ S(awp™, ..., ap™" pm "

Proof : The proof is similar to that of [2], page 85 bottom.

PROPOSITION 2. Let m, n be positive integers YVom <n <m, p a prime,
and ai, ..., a, integers such that (ay, a;p™) = 1. Then:

| S(ay, o p™ | < A

where
[ k if p>2.
A =4 1 if p=2 and kisodd.
| min {271, p™} if p=2 and k =21,

r>1 and 1 odd.

Proof : Let us assume throughout this proposition that S (ay, ..., a;; p™)
# 0, or else we are done.
Now we have the identity
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