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Definition. Let f be a non-zero polynomial in kx| for some algebraically closed field
k. We define no(f) to be the number of distinct zeroes of f.

Lemma. Let f be a non-zero polynomial in k|[x]. Then,

deg(f) < deg(f.f") +no(f),

where (g,h) denotes the greatest common divisor (ged) of g, h.

Remark 1. Since the derivative is a purely algebraic operation of polynomials, it makes
sense to talk about the derivative in k[x]. Furthermore, all the familiar rules of calculus
can be proven algebraically in this new context.
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Proof of the lemma. Let v, . .., o be the roots of f with multiplicities ai, . . . ,du, SO
that f = c(x — )™ - ... - (X — ap)™. Then, by the product rule,
f=cmx—o)" Hx—a)® ... (x —an)™
+clx — al)“% ((x —a2)™ oo (X —a)™) .

Therefore, (x—cy )" (£, f). Similarly, (x— ;)% |(f, f'). So we see that (x —aq )~ !
oo (x = am)®™ (. f). Therefore, since f is non-zero, deg(f) — no(f) < deg(f, f).
The lemma follows immediately. O

Remark 2. If k is of characteristic zero then, in the statement of the lemma, equality
holds. The following theorem, however, requires only this weaker lemma.

Theorem (Mason’s Theorem). Let a,b, and ¢ be relatively prime polynomials in k[x|
such that a + b = c¢. Furthermore, we require that ', V', and ¢’ are not all zero. Then,
deg(c) < nolabc) — 1.

Proof. a+b = c. Therefore, a’ + b’ = ¢’. Multiplying the first equation by a’, the second
by a, and subtracting, we find that a’b — ab’ = a’c — ac’. Therefore, (a,a’), (b,b’), and
(c,c’) all divide a’b — ab’. Since they are relatively prime,

(a,d)(b,b")(c,c)|(a’b — ab’).

I claim that the right hand side is non-zero. If a’'b — ab’ = 0, then aa’b. Since a and
b are relatively prime, ala’. Therefore, @’ = 0. Similarly, b’ and ¢’ would also be zero,
contradicting the assumption. Therefore, the right hand side is non-zero, and

deg(a,a’) + deg(b,b’) + deg(c,¢’) < deg(a) + deg(b) — 1.
We move everything to the right hand side and add deg(c) to both sides to find that
deg(c) < deg(a) — deg(a,a’) + deg(b) — deg(b,b’) + deg(c) — deg(c,c’) — 1.

Applying the lemma yields the required result. |

Remark 3. If k is of characteristic zero, then f’ being non-zero is equivalent to f being
non-constant, and so we get the familiar statement of Mason’s Theorem.
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