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A 3-Fold Vector Product in R®

By PETER ZVENGROWSKI

An r-fold vector product in R" is, according to ECRMANN [2], a continuous
map

X:Rm*=R*"x R*x ... X R~ R»

satisfying (i) X(a,,a;,...,a,)-a2,=0,1=1 <,

(ll) ”X(a’ha’z""’a’r)Hz:lai°a’j“

It can be deduced from [2] and [4] that R* admits an r-fold vector product in
precisely the following cases:

a) r = 1 and n is even,

=2

)
yr=mn—1,
¢) r=2and n = 3,7,
d) »r = 3 and » = 8.
Explicit formulas for these vector products are known in all but the last case,
and the purpose of this note is to give a simple formula for the last case, taking

advantage of the CAYLEY numbers. Such a formula was useful to the author in
examining homotopy classes of vector fields on 87 (cf. [5]).

1. The Cayley Numbers

We take the CAYLEY numbers C to be the 8-dimensional algebra over the

reals having basis vectors e, , ,,. . ., ¢ and suitably defined products. In parti-
.. — 1,1 =9

Ou] = i i , et ’ . .

ar, ¢, = 1 is the unit and for ¢,5 > 1 one has e,e, { A

The subspace of C orthogonal to e, is called the pure CAYLEY numbers. Con-
jugation is defined by writing any CAYLEY number x as x = re, 4+ z', where
' is pure, and setting = re; — a'. The CAYLEY numbers inherit the norm
and scalar product of R, and

XX =% = x-x = |2
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Lemma 1.1. For any CAYLEY numbers @, b, one has a = a, ab — ba,
and ab + ba = 2(a- b).

Proof: By linearity it suffices to prove these when a, b are the unitse,,. . ., ¢,
and these cases follow from the above remarks on multiplication.

Corollary: ab + ba = 2(a- b) = 2(a- b).
The multiplication in C can be explicitly defined by regarding C as a 2-
dimensional algebra over the quaternions H, with basis 1, k, and setting

(@1 + Bk) (@ + k) = (1a; — €:92) + (@201 + G9)k.

We shall need this formula to prove the next lemma.

Lemma 1.2. For any CAYLEY numbers a, b, c,
a(be) + b(ac) = 2(a- b)c.

Proof: Let a = a, + a,k, b = b, + bk, ¢ = ¢; + ¢k, where a,, a,, b, b,,
¢, ¢, are quaternions. By direct computation,

a(be) + b(ac) = (byay + arby)c; + ¢y (@b, + byay) +
-+ [02(51171 + bay) + (bzaz + ayb,)c,)k.

Applying Lemma 1.1 and its corollary, this equals

2[(by- a1)ey + ci(@y- by) + (cz(ar- by) + (by - ay)cy) k)
= 2(a, by + a;-by) (¢, + ¢k)
= 2 (a . b) C.
According to [1], the subalgebra of C generated by any two elements (and
their conjugates) is associative. In particular, for any CAYLEY numbers a, b, ¢,

the product a(bc)a is well defined, and according to [3], we have a(bc)a =
= (ab)(ac).

Lemma 1 3 For any CAYLEY numbers a, b, ¢, one has
@)  a-(abe) =|al(d-o),

(i) c-(a(bc)) = |c[2(a-b), and

(i) b-(a(be)) = — |b]*(c-a) + 2(a-b)(b-c).



A 3-Fold Vector Product in R8 151

Proof of (i): 2a-(a(bc)) = a(a(be)) + (a(bc)a = a((cb)a) + (a(be)a.
Since a, @, ¢b, and cb = bc generate an associative subalgebra, this equals

a(ch)a + a(be)a = a(ch + be)a = 2a(b-c)a = 2|al?(b-c).

Proof of (ii): 2c¢- (a(gc)) = c((cb)a) + (a(gc))E = 2r, say, where r must
be a real number. Then making use of the preceding results without specific
mention, we have

rc = c((cb)a)c + (a(be))c|?
= (c(cb)) (@c) + (a(be)) [ef?
= [c[*(b(ac) + a(bo))
= 2|c|*(a-b)c.

Proof of (iii): 2b-(a(bc)) = b((cb)a) + (a(i)c))z;
= b[(—bc + 2b-c)a] + [a(— cb + 2b-c)]b
= 2(b-c)(ba + ab) —b((bc)a) — (a(ch))b

= 4(b-c)(a-b) — 2r, for some real number r.

Computing rb as in (ii), one finds r = |b|2(c-a).

2. Applications to Vector Products

A 2-fold vector product in R7 is obtained (cf. [2]) by identifying R? with the
pure CAYLEY numbers, and for any two vectors b, ¢ in R? putting X,(b, c) =
bc + b.c. We shall now define a 3-fold vector product in R®, which in a certain
sense generalizes X,.

Theorem 2.1. Leta, b, ¢ be vectors in R8, regarded as the CAYLEY numbers.
Then

X;(a,b,c) = ——a(b—c) + a(-c) —b(c-a) + c(a-b)
defines a 3-fold vector product in R®.

Proof: Lemma, 1.3 will be frequently used without specific mention, and we
write X = X,(a,b,c). The continuity of X, is obvious. Thus a-X = —
—lalt(b-c) + |a|2(b-c) — (a-b)(c-a) + (@-c)(a-b) = O, and the proofs that

b-X=0,c¢.X =0, are entirely similar. Finally, writing d = (a(gc)), we
have



152 PETER ZVENGROWSKI

| X[?=X-X =|d|* + |al*(b-c)* + |b]*(@-c)* + |c[*(a-b)* —2(a-d)(b-c)

+ 2(b-d)(c-a) —2(c-d)(a-b) + (— 2+ 2 —2)(a-b)(b-c)(c-a)

= |a*|b2|c|* + |al*(b-c}* + |b]*(a-c)® + [c[*(a-b)
—2|al?(b-c)* — 2|b[*(a-c)® + 4(a-b)(b-c)(c-a) — 2|c[*(a-b)
—2(a-b)(b-c)(c-a)

= |a]*|b]*|c]* —|al*(b-c} — |b]*(@-c)}* — |c[*(a-b) + 2(a-b)(b-c)(c-a)

la|2 a-b a-c
= |b-a |b]2 b-c

c-a c-b |c]?

When restricted to the STIEFEL manifold V, ,, the 2-fold product X, gives
a cross section X,: V, ,— V, 4. Similarly, X, gives a cross section X;: Vg,
— Vg4. Then the fact that X,(e,b,¢) =bc+ b.c = X,(b,c), where
(e1,b,¢)eVy 5 (and hence b, c are pure), implies that the following diagram
commutes:
i
Vv,z —_> Vs,a

ln |x
i/

V7 ’3 —_—> V8,4 .
Further details on these vector products can be found in [5].

The University of Illinois

REFERENCES

[1] Dickson L. E.: Linear Algebras, Cambridge Univ. Press (1914).

[2] EckMANN B.: Stetige Losungen linearer Gleichungssysteme, Comment. Math. Helv. 15, 358-366
(1942).

[3] Topa H., Sarro Y. and Yokota 1.: Note on the Generator of m, (SO (n)) , Kyoto Univ. Memoirs
Vol. XXX Math., No. 3, 227-230 (1957).

[4] WHITEREAD G. W.: Note on Cross Sections of Stiefel Manifolds, Comment. Math. Helv. 37,
239-240 (1963). _

[6] ZveNarOWSsKI P.: Vector Fields and Vector Products, Chapter 4: Vector Products, Thesis, Univ.
of Chicago (1965).

(Received April 5, 1965)



	A 3-Fold Vector Product in R8.

