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The Signature Defect and the Homotopy of BPL and PL/O

by David Frank1)

1. Introduction

Several years ago we defined an invariant of framed cobordism and used it to
obtain information about the homotopy groups of BPL and PL/O. Since the results

on BPL and PL/O were obtained independently by Brumfiel and published in [3], we
intended to include our results in a lengthy paper on almost-closed manifolds. As this

paper has not appeared, and since the cobordism invariant has proved interesting in
other contexts, we hâve decided to présent thèse results separately.

First, then, we will define our invariant. Let Qlk-i be the cobordism group of
framed (4k— l)-manifolds. Every élément of &J*-i can be represented by a framed
exotic sphère (Z,f (If k> 1, this is proved using surgery [11]. If h 1, every élément

of O3 van be represented by a framing of the standard sphère S3 because the /-homo-
morphism is surjective.) Moreover, since every framed manifold bounds in oriented

cobordism, wecanfind a compact, oriented manifold M4* with dM=Z. Let M * be the
closed piecewise-linear manifold Mu Cône Z. Using the framing on £, we may extend
the stable normal bundle vM to a vector bundle y on M*. Consider the expression

Lk(-y)[M*]-a(M),
where Lk is the Hirzebruch L-genus, — y) is the stable inverse to y, [M*] is the
orientation class of M*, and <x is the signature. This rational number dépends only on

(ZJ) and not upon M, for if N4k is another manifold with dN=Z9 let X=M \JX N.
Then the différence of the expression for M and that for N is

which is zéro by the Hirzebruch Signature Theorem.

On the other hand, suppose we change (Z9f) within its framed cobordism class to
(Z ', /'). Let W4k be a framed manifold with ô JV=Z u -Z '. Then the middle-dimension

intersection pairing of Wwill be non-singular and even, hence <r(W) is divisible by 8.

(See[12].)Itfollowsthat

|(Lk(-y)[M*]-(7(M))modl
is a well-defined function from ûj^-i into Q/Z. (For k= 1, we require that Z3 be the

x) Supported by NSF contract No. P 029431000.
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standard sphère and replace 8 by 16.) This fonction, which is easily seen to be a homo-
morphism, will be denoted by g: QF4k-i -> QjZ.

Using the Thom-Pontrjagin construction, QF4k-i can be identified with the stable

homotopy group of sphères nAk^1 n4k-1+t(St)). Let e:n4k-x -*Q/Z be the Adams
^-invariant. Also, let ak 1 ifk is even and 2 if A: is odd.

THEOREM 1. Ifk^3, then as homomorphisms front n4k.t to Q/Z, g=ak22k~3e.

Now let us consider the classifying space BPL for stable piecewise-linear bundles.

It is not difficult to show

THEOREM 2. The group n4k (BPL) is isomorphic to Z@ktrg.
Using information about the ^-invariant, we can calculate kerg. Let J:n4k-.1 (SO)

~*ft4*-i t>e ^e /-homomorphism, let (imJ)2 be the 2-primary component of the

image of/, and let tt'^-! be the cokernel of/. Then we find

PROPOSITIONS. // k^X kerg=(imJ)2®7t4k.i. If Jfc 2, kerg=Z4ç^7
Z160Z15 im7. Ifk=
Thus we conclude

THEOREM 4.7/ k>3. n4k(BFL) Z®(imJ)2®n4k.t; ns(BPL) Z®Z4;
tt4(BPL) Z.

Finally, let F4k-.x be the group ofexotic {Ak— l)-spheres. There is an exact séquence

(Kervaire-Milnorfll])

where bP4k is the subgroup of those exotic sphères which bound 7r-manifolds. There is

a natural map/i:7r4fc(BPL)->r4Jfe_1. Restricting h to the subgroup 7i4fc-i of 7i4fc(BPL)

provides a splitting to the Kervaire-Milnor séquence, and we hâve

THEOREM 5. The group F4k _ x is isomorphic to bP4k®n4k _ x.

2. On BPL and Exotic Sphères

In this section we will assume Theorem 1 and show how to obtain information on
n4k(BPL) and r4k-t. There is an exact séquence [7], [8], [9]

0 -* nt(BSO) -> nt (BPL) -> Ff_ t ~> 0.

Let rf-i be the group of isomorphism classes of framed exotic (/— l)-spheres. Then
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the above séquence is isomorphic to the exact séquence

where q> assigns to 0eni^l(SO) the standard sphère with the framing 0 and where h

forgets the framing.
In particular, tt^BPL)=rf_ v
There is also the exact séquence [10], [11 ]

Hère the infinité cyclic group Z corresponds to the cobordism group P4k of framed
4fc-manifolds with boundary an exotic sphère. It is generated by the Milnor manifold
of signature 8. (If k—\, the infinité cyclic group is generated by a manifold of signature

16.) The mapy assigns to a framed exotic sphère its framed cobordism class.

Let (r, / )e r£fc_ v We noted in the introduction that the expression Lk — y) [M*] —

a (M) dépends only on (£,/), where M4* is a manifold with dM=Z and y is the
extension of vM. Thus this expression defines a homomorphism L from F^i to Q.

From the exact séquence (*) we see that r£k_ t is isomorphic to Z©T, where Tis a
torsion group and 71=kerL. Note that j maps Tinjectively into Q+k-i* Theorem 2 is

contained in

PROPOSITION. The function j maps T isomorphically onto kerg, so 7r4fc(BPL)

Proof. If xerlk-u then by définition g(j(x))=%L(x) modl. If xeT, then
L(*)=0andg(/(x))=0.Thus/(r)Çker£.

Conversely, ifg(j(x)) 09 then L(x) is divisible by 8. Say L(x) Sn. Let Mbe the

Milnor manifold of signature 8«. Then j(x~d(M))=j(x) and L(x-3(M)) 0, so

It remains only to calculate kerg. From Adams' work on the e-invariant (together
with work of Sullivan [16] and Quillan [14]), we know that 7r4k_1 (im/)©7r4k_1,
where e is injective on the first summand and trivial on the second. Let im/=(imJ)2
®(imJ)odd. Then for k>3, 22k~3e annihilâtes (im/)2, so ker g=(im/)2©7r4k_1.
If&=2, then n7=im/= Zl6®Z15, where g=-28e. Thus kerg=Z4. This proves
Proposition 3 and Theorem 4.

Finally, consider the exact séquence

The map P is defined as follows: if Zeru^l9 let xerlk^t be a pre-image. Then

k^1=n^k-1 and P(Z) is the coset of j{x) in 7r4fc-1/im/=7t4k-1. Thus if
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h'rlk^1^r4k^1 is restricted to the subgroup nf4k-1, it splits the séquence. This

proves Theorem 5.

3. Proof of Theorem 1

Let J:n4.k-l (SO)-^n4k-l be the /-homomorphism. It is enough to verify Theorem
1 for A e image /and for X ekernel ey since every élément of n^-i is a sum of éléments

of thèse two types. Suppose, then, that A=/(0), for some 9en4k_1(SO). If we think of
9 as a framing of the standard sphère S4*"1, then (S4*"1, 9) corresponds to X in
Qlk-V Then for the manifold M*k with dM=S*k~1 we may choose the disk D4k.

Thus M* S4k and the vector bundle y on S4* is the bundle with characteristic map0.
Then

=l, replace 8 by 16.)

On the other hand, Adams shows [1]

Now

and

where Bk is the fc-th Bernoulli number. Hence

and g= — e for fc 1. But the e-invariant takes values in the cyclic subgroup of QjZ
having order/fc, where jk is the denominator of BkjAk. Moreover, (22*""1 ~ 1) is rela-

tively prime to the odd factor ofjk. (This is ail we really need to know about g to prove
Theorem 4.) In fact elementary number theory (using von Staudt's Theorem; compare
[13]) shows that 22*=1 mod odd factor ofA- Thus 2(22k"1~l)=22k-2= -1 mod

odd factor of./*. Therefore 22*-2(22*-1-l)=22*-3(22*-2)= -22*~3 mod^, prov-
ided 2k — 3^1argest power of 2 dividing jk, which is the case for k ^3. This proves
Theorem 1 when Aeimage /.
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If Aeker e, let (I,f) be a framed exotic sphère corresponding to A in Qlk-i- Let
Af4*bean oriented manifold with dM=I, and let y be the extension of vM to M*. We
wish to show that g (X) 0 in g/Z. That is, we want to show

is an integer. Let T(y) be the Thom complex of the bundle y. Then our theory of al-
most closed manifolds ([6], [5, Theorem 1]) shows that

where f dimy, jSiS4*"^"1 -+T(vM) is the attaching map of the (4fc + r)-cell, and p
factors (up to homotopy) as the composite

S4*+,-1 ^ s' T (vM | point) -* T(vM).

This means there is a map H: S* (JA D4k+' -» T(y) which is of degree one in dimensions
t and 4k +1. If we choose M to be a spin manifold (this is possible by [2]), we can
use the above information to show there is a smooth closed spin manifold iV4k

with /?t0[A/r]=/?f0( — y) [M*] for ail Pontrjagin numbers /?w. Indeed, Stong has

shown [15] that such a manifold N exists provided a certain integrality condition
(Atiyah-Hirzebruch) holds. In our context, the condition is that (ph(ô)-Â( — y),

[M*]> is in akZ for ail vector bundles ô on M*. (Hère ph is the Pontrjagin character.)
Let /=0 mod8. Then Â(- y)= Q'1 (ph V), where U is the Â-theory Thom class of y

and ^ is the Thom isomorphism in ordinary cohomology. Thus

(ph{ôyÂ{- y), [M*]> (€>(ph(ôyÂ(~ y)), 4>[M*]>
*

Now use the map H. We hâve

<ph(ô-U),

where ^ i/*(<5-f/)andrf4k+tisthegeneratorof^4k+f(5rf IJA D4k+t). By the défini-

tion of the ^-invariant, e(X)=0 means that (ph(Ç), rf4*+r> is in akZ for any bundle

£ on 5' {Jx Z>4fc+*. Thus the integrality condition is satisfied and there is a spin manifold

Nwithpn [N]=pœ(-y)[M*]. Let Wbt theconnected sumM*#(-N). We may
use W to calculate g(X). If y

' is the vector bundle on Ff, thenp<D(~y ')[PT|=0 for
ail <u. Hence Lk(-y')=0. Thus g(i)=-i(o-(^))modl. Note that except for the

Pontrjagin number/?*, we hâvepmW\ =P<o(-y')[V]=0. Thus PFis a spin manifold

(smoothable on the complément of a 4fc-disk) with ail decomposable Pontrjagin num-
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bers zéro. Since the signature of such a manifold is divisible by 8 (see [3] and [17]),
Theorem 1 is proved.
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